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Nozzles, rocket fairings and many engineering structures/components are often made of
conical shells. This paper focuses on the finite element modelling, analysis, and control of
conical shells laminated with distributed actuators. Electromechanical constitutive
equations and governing equations of a generic piezo(electric)elastic continuum are defined
first, followed by the strain—displacement relations and electric field-potential relations of
laminated shell composites. Finite element formulation of a piezoelastic shell element with
non-constant Lamé parameters is briefly reviewed; element and system matrix equations of
the piezoelastic shell sensor/actuator/structure laminate are derived. The system equation
reveals the coupling of mechanical and electric fields, in which the electric force vector is
often used in distributed control of shells. Finite element eigenvalue solutions of conical
shells are compared with published numerical results first. Distributed control of the conical
shell laminated with piezoelectric shell actuators is investigated and control effects of three
actuator configurations are evaluated.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Conical shell structures and components are often used as nozzles, injectors, rocket fairings,
fan blades, etc., in aerospace structures and turbomachinery. Undesirable dynamic
oscillations not only degrade the performance, but also influence structural integrity and
reliability. Dynamics and vibrations of conical shells have been widely studied [1,2];
however, distributed vibration control of conical shells has not caught much attention over
the years. Recent rapid development of smart structures and structronic systems provides
many new design options for the next-generation high-performance mechanical and
structural systems [3, 4]. Based on the smart structures and structronics technology, this
study is to evaluate dynamic characteristics and control effects of conical shells laminated
with fully or diagonally distributed piezoelectric sensor/actuator layers.

Piezoelectrics, shape-memory materials, electrostrictive materials, magnetostrictive
materials, photostrictive materials, electro- and magneto-rheological materials, etc., are
electro-, magneto-, and/or optoelectro-mechanically controllable materials and thus they
are generally accepted as “smart” materials [3,4]. Among these smart materials,
piezoelectric materials are probably the most popular smart materials applied to both
sensor and actuator applications. Distributed sensing and control of shells and plates using
piezoelectric materials have been investigated over the years [5]. Distributed control effects
of one-dimensional and two-dimensional planar structures, e.g., beams and plates, are
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studied and compared [5-11], and also rings and shells [5, 12-15]. Piezothermoelastic
characteristics and temperature influences on piezoelectric sensors and actuators of
beam-type precision devices and cylindrical shell structures have been studied [ 15-17]. This
study is to investigate the modelling, analysis, and distributed vibration control of
piezoelectric laminated conical shells. Fundamental piezoelectric constitutive and
governing equations are briefly reviewed and the formulation of a new piezo(electric)-elastic
triangle composite shell finite element with non-constant radii of curvature is presented.
Dynamic characteristics and distributed vibration controls of conical shells are
investigated. Control effects of three actuator designs are evaluated.

2. GOVERNING EQUATIONS

Electromechanical constitutive and equilibrium equations of a piezo(electric)elastic
continuum are defined first, and followed by generic shell strain-displacement definitions of
a double-curvature piezoelastic shell laminate in this section. Finite element formulations
are presented in the next section. The linear piezoelectric constitutive equations coupling
the electric and elastic fields are [5]

T = cfii(Su — Si) — €limEw and D, = €5y (Si — SR) + &’ Enns (1,2)
where T;; and D; denote the stress and electric displacements, cﬁ’;ﬁ, e?,-m, and &5:7 respectively,
denote the elastic moduli, piezoelectric coefficient, dielectric constants, S;;, and Sy, are the
strain, and initial strains. In addition, the superscripts E, 6, and S denote the coefficients
defined at a constant electric field, temperature and strain respectively. For a piezoelastic
shell medium, with a volume V' and a limited surface area S, subjected to both electric and
mechanical excitations, the linear governing equations, including the coupling among
deformation and electric potential, can be defined as [16-18]

T+ /fu=pU and D;; =0, (3,4

where f;;, p, and U, respectively, denote the body force, mass density, and acceleration; and
U; is the displacement. Note that FEinstein’s summation convention is used in the
expressions.

A piezoelastic laminated shell continuum is composed of N laminae, and each lamina can
be either an elastic material or a piezoelectric material, Figure 1. It is assumed that the
piezoelastic shell is exposed to mechanical and electrical inputs. Considering small
deformation of the laminated piezoelastic shell, one can derive the strain S;; and electric field
E; equations defined in an orthogonal curvilinear co-ordinate system (x4, o,, o3). The strain
(S;;) — displacement relations and electric field (E;) - electric potential (¢) relations in
a tri-orthogonal shell co-ordinate system are defined as [5, 17]

Syy=— | Py Ay | 5
" (1+cx3/R1)A1[8oc1 Ay doy, ° Ry ©)
! U, 1 04y A, U,
Syy=—— | Ay g O 6,7
22 (1+oc3/R2)A2[0oc2+A1 a, CTR, P 0P T 6.7

1 oU, 1 04, 1 oU, 1 04,
512:— —__4—U1 5 —___Ula (8)
2(1 =+ O(3/R1)A1 50!1 A2 00l 2(1 =+ OC3/R2)A2 5062 Al a(xl
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Figure 1. A piezo(electric)elastic laminated shell continuum.
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where S;;, ¢, and E; denote the strains, electric potential, and electric fields, respectively, R
and R, are the radii of principal curvature, and 4; and A4, are the Lamé parameters.

There are mechanical and electric boundary conditions associated with the piezoelastic
shell continuum, i.c.,

U=U, Tlj=fs (12, 13)
¢p=¢. Dili=-0, (14, 15)
where U, is the displacement, Z; is the direction cosine components, f; is the surface force, ¢ is
the electric potential, Q is the charge, and (. ) denotes a known boundary value. Using the

weighted residual method and introducing arbitrary weighting quantities 0U; and d¢, one
can rewrite the weak form of the equilibrium equations as [17, 19]

f SU(T;.; + foi — pU) dV =0, J o¢D; ; dV =0, (16, 17)
vV vV

where the quantities dU; and d¢ can be defined as the virtual displacement and electric
potential respectively. Integrating each term by parts, taking into account of boundary
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Figure 2. Triangular piezoelastic composite shell finite element.

conditions defined in equations (12)-(15), and noting that 6U; = 0 on S, and 6¢ = 0 on S,
one can simplify equations (16) and (17) to

JT,,-ési,-dV— £:5U, dS—J(ﬁi—pU;)éUi dv —o, (18)
v Sy v

J DOE; dV — J 08¢ dS =0, (19)

Note that equations (18) and (19) are the virtual work expressions of the
piezo(electric)-elastic shell continuum.

3. PIEZOELASTIC FINITE ELEMENT FORMULATION

A new 12-node, 48-degree-of-freedom curved triangular laminated piezoelastic shell
element with non-constant radii of curvature (i.e., non-constant Lamé parameters) is
developed. Figure 2 illustrates the triangular shell element and all its 12 nodes. Each node
allows three displacement variables (i.e., U{”(y), Us(y), and U{(y)) and one electric potential
variable ¢P(y) [14, 17].

Assumptions of layerwise constant shear angle and linear variation along the thickness of
each layer are used in the finite element derivations. Thus, for an arbitrary ith layer, the
displacements U{?(y), US(y), and U{’(y) and electric potential ¢”(y) can be expressed as

i (i 7 Ai+1) i (i 7 ~i+1)
U (y) = Ul()<1 _E> + Uf H)E, U (y) = U2()<1 _E> + U§ H)E: (20, 21)

i i i i

i (i )i Ai+1) ) i TG v Ti+1) )
00 = 09(1= L)+ 0L g0 = o(1- L)+l oo

where y is a transverse co-ordinate defined for the ith layer, h; is the thickness of the ith layer.
The displacement and potential expressions can be simply written as functions of shape
functions and the ith layer displacement vector

({UDy)} = [INOHDI{TY),  ¢94) = [INQG)1{o), (24, 25)

where {UP(y)} = {U(y), UP(y), UP(y)}' is a displacement vector of any point on the ith
layer. (U} = (OP, U9, TP, Y, gi+H, U+t and {0} = (¢, ¢TIt are the
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displacements and electric potential of the ith and (i + 1)th interfaces along the curvilinear
co-ordinate axes. [N (y)] and [N (y)] are the shape functions in terms of the co-ordinate ;.
The interpolation functions of the surface-parallel displacements and electric potential in
each triangular region at the ith or (i + 1)th interface are chosen to be continuous piecewise
quadratic in the form

(0}
{0
where a; (i =1, ..., 6) are constants; and o;(i = 1,2, 3) are the global co-ordinates. Due to

the continuity across the edge between two adjacent triangle elements, equation (40)
becomes

} = a,07 + ax05 + a30100, + Ayt + as0, + de, (26)

O = (N}{UP), TP = (N}{UY), (27, 28)
U9 = (NJ{USL 99 ={N}'{¢"}, (29, 30)

where {UP} = {Ujy,...,Uje}, {UP} ={Uky,...,Use}, {UY} ={Uiy, ..., Ul}' and
{¢V} = {4, ..., Pk} are the nodal displacement and electric potential vectors of the
element. {N} is the quadratic shape function. Substituting equations (27)-(30) into
equations (24) and (25) yields the following displacement {U”} and electric potential {$®}
expressions:

(09} = [Ny )] {UP (@) = [N, (0, 22)] {657}, (31, 32)

where (U} = {Uly, Uiy, Uk, ..., Ui, Ule, Uk, Uit L, USTY, USEY, L UIEL, UBEY, USEY
and {¢} = {P%, ..., 6 P17, ..., pE" '}  are the nodal displacements and the nodal electric
potential of the jth planar layer element located on the ith layer respectively. [N, (o1, o5)]
and [N, («;, ;)] are the shape functions of co-ordinates o; and «,. Writing the shell
strain-displacement and electric field—potential expressions in terms of nodal variables of
the piezoelastic shell finite element gives

1S90} = [LETINY (I LN, (. 021U}

= [BY (N [B, (1. )] {U"), (33)
(E9G)) = — [LYIING G LN (1. )] (94}
= — [BY][B, (1. 201 {9}, (34

Substituting the constitutive equations (1) and (2), displacement-shape function equations
(24) and (25) and (31)-(34) into the equilibrium equations (18) and (19), one can derive the
nodal governing equations of the jth (planar) element located on the ith (thickness) layer in

matrix form,
[Ma]1 0] ({UP} [Cl] 07 ({U%
[0 OH{&”}}{ 0 0]{@53-“}}

[KOT [KOITHUPN  ({F9)
+[EK$L,.J [Kg;ﬂ{{d,;n}}—{@p } (33)
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where [M{), ] is the mass matrix, [C{, ] is the damping matrix, [K{) ] (where x and y = u,
¢), are the stiffness matrices defined for the displacement and electric potential, and {F. ,(,‘])}
and {F;’} are the mechanical and electric excitations. Detailed element matrices of
a laminated piezoelastic shell element are presented in Appendix A. The element damping
matrix [Cff,ﬁj] is assumed to be proportional to the stiffness and mass matrices:
[CO1=oa[M%]+ BLK 1, where o and f are Rayleigh’s coefficients and are related to
o 4+ pw} = 2&;w;, and &; and w; are the initial damping ratio and natural frequencies [17]. If
two damping ratios and two natural frequencies are specified, the damping estimation
results in an exact solution for « and f. If more than two damping ratios and frequencies are
specified, a least-squares solution procedure can be used to determine o and 5. Assembling

all element matrices yields the global system matrix equation

57 Ml el wallat-fink e

For static applications, the dynamic system equation is reduced to

|:[Kuu:| [Ku¢]:| {{U}} _ {{Fu}} (37)
[Kyl [Kyll{o} )

In constant-gain negative velocity feedback control, the feedback control forces {Ff'} are
given by [5]

{Fjg} = - [Kud;] [K¢¢]71ch [K¢¢]71 [Kd;u:l {U}> (38)

where G is the gain, C,, is the actuator capacitance, [-]~' denotes the matrix inverse, and
{U)} is the velocity. Note that, in this case, the feedback gain is constant while the feedback
amplitude varies with respect to the negative oscillating velocity (negative velocity, constant
gain proportional feedback control) [5, 16, 17]. The developed new piezoelastic shell element
with non-constant Lamé parameters and the finite element code are used to investigate the
dynamics and the distributed control of conical shells is presented next.

4. DYNAMICS AND CONTROL OF CONICAL SHELLS

Conical shells are widely used as parts or components of nozzles, rocket fairings, etc., in
aerospace structures and turbomachinery. The dynamics and distributed control of conical
shells and other shells of revolution with non-constant Lamé parameters can be studied
based on the new piezoelastic shell element with non-constant radii of curvature. A conical
shell panel laminated with distributed piezoelectric layers is clamped at one end and free on
the other three edges (i.e., CFFF). The conical shell is defined in Figure 3 and its dimensions
are shown in Figure 4. Geometry and material properties are provided in Table 1. Natural
frequencies and modes of a conical shell panel are investigated first and finite element
solutions are compared with published numerical results. Distributed vibration control of
conical shells with (1) the fully distributed piezoelectric actuator, (2) the partial-diagonally
distributed actuator, and (3) the full-diagonally distributed actuator are investigated and
their control effects are evaluated in this section.

The conical shell panel is divided into (20 x 10) meshes along the longitudinal and
circumferential directions respectively. Therefore, there are 400 triangular shell elements for
each layer and total 1200 elements are used for the panel, Figure 5.
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“\L1=0.069
L1=0.0675

L2=0.055
Figure 4. Dimensions of the conical shell panel.

TABLE 1

Geometry and material properties of the laminated conical shell

Aluminum PVDF
Length, S (m) 10
Length, L (m) 0-2
Semi-vertex angle, f* (°) 15
Meridional angle, ¥* (°) 30-247
Thickness, h (m) 1x1073 9x10°¢
Density, p (Kg/m?) 2:6573 x 103 1-8 x 103
Young’s modulus, Y (Pa) 6-8947 x 101° 2:0x10°
The Poisson constant, y 03 0-29
Piezostrain constant, d;; (m/V) 22 %1071t
Electric permittivity, &;, (F/m) 1062 x 10710
Capacitance, C (F/m?) 3-80x10°°

Figure 5. Finite element model of the conical shell panel laminated with fully distributed piezoelectric layers.

4.1. FREE VIBRATION ANALYSIS

Natural frequencies and mode shapes of the conical shell panel are studied first. In
order to compare with published data, the dimensionless frequency parameter
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TABLE 2

Comparison of FE solutions with published data

Source A Ay A3 Ay As Ag Aq Ag
FE 53182 87357 27300 28973 51-111 65595 72:416 81477
[1] 55130 89563 26989  28-852 50-174 64497 75479 79-578
[1] 5:5179 89608 27014 28:909 50267  64-631 75541 79-815
[2] 61727 9-0708 27299 29758 50-669 65171 74-499 80-201

@@@

Figure 6. The first four mode shapes of the conical shell panel.
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Figure 8. Two loading conditions: (a) full-edge loading, (b) half-edge loading.

I = Wu(B*, W*)LL(ph/D)Y'? is used where w, is the circular frequency, p is the mass
density, L is the length of the conical shell panel in the longitudinal direction, L; is the
projected length of the major edge shown in Figure 4, h is the shell thickness and D is
the bending stiffness coefficient D = (Yh?®)/[12(1 — p?)]. Finite element solutions (FE) are

compared with published numerical results [1, 2] in Table 2

These data and comparison suggest that the developed finite element code is capable of
analyzing conical shells accurately. The first four mode shapes of the conical shell panel are

calculated and they are illustrated in Figure 6.
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4.2. DISTRIBUTED VIBRATION CONTROL

The conical shell panel is laminated with two piezoelectric layers on the top and bottom
surfaces serving as sensor and actuator respectively. Three actuator lamination
configurations: the full lamination (Figure 5), the partial-diagonal lamination and the
full-diagonal lamination (Figure 7) are designed to evaluate their control effectiveness. Two
uniform transverse line loadings with a sum of 1 N are applied on the minor-radius free
edge. One is applied on the whole free-end edge and the other is applied only on half of the
free end, Figure 8. In general, the initial loading is applied to the free edge first. Then the
shell is released and free to oscillate. Free oscillation responses of the conical shells with and
without distributed control are evaluated and their inferred damping ratios with different
control gains (0, 10, 20, 25) for three lamination configurations are evaluated. Note that
control signals generated from the control gains are within the breakdown voltage of the
distributed piezoelectric actuators.

4.3. CASE 1: FULL-EDGE LOADING

Time histories of the free and controlled responses of the conical shell at the full-edge
loading are plotted in Figures 9-13 and inferred damping ratios are summarized in
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Figure 9. Free displacement response (full-edge loading).
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Figure 10. Controlled response (gain = 25) (fully distributed actuator).
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Figure 11. Controlled response (gain = 25) (partial-diagonal actuator).
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Figure 12. Controlled response (gain = 25) (full-diagonal actuator).
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Figure 13. Inferred damping ratios at different gains (full-edge loading): 1, full lamination; 2, partial-diagonal
lamination; 3, full-diagonal lamination.

Figure 13. Note that Figure 9 is the free response, Figure 10 is the controlled response with
the fully distributed actuator, Figure 11 is the controlled response with the partial-diagonal
actuator, and Figure 12 is the controlled response with the full-diagonal actuator. In
general, the first-mode response dominates both the free and controlled responses. Note

that all controlled responses were based on the negative velocity constant-gain feedback
control algorithm.
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Figure 14. Free displacement response (half-edge loading).
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Figure 15. Controlled response (gain = 25) (fully distributed actuator).
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Figure 16. Controlled response (gain = 25) (partial-diagonal actuator).

4.4. CASE 2: HALF-EDGE LOADING

Again, time histories of the free and controlled responses of the conical shell at the
half-edge loading are plotted in Figures 14-17 and inferred damping ratios are summarized
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Figure 17. Controlled response (gain = 25) (full-diagonal actuator).
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Figure 18. Inferred damping ratios at different gains (half-edge loading). 1, full lamination; 2, partial-daigonal
lamination; 3, full-diagonal lamination.

in Figure 18. All time-history responses reveal both the first-mode and higher mode
frequency components, due to unsymmetrical half-edge loading.

These free and controlled time-history responses reveal that the responses are absolutely
dominated by the first-mode at the full-edge loading, while higher mode components
appear in the responses at the half-edge loading. On the three actuator configurations, the
full-lamination configuration has the best control effect and the partial-diagonal lamination
configuration has the least control effect for the first-mode oscillation. The fully distributed
actuator configuration is effective for the bending dominated natural modes, e.g., the first
mode and the fourth mode, Figure 6. The two diagonally laminated actuator configurations
would have better control effects for second-mode and third-mode oscillations, since
torsion behaviors appear in these two modes [20].

5. SUMMARY AND CONCLUSION

Full or partial conical shells often appear as nozzles, injectors, blades, rocket fairings, etc.,
in aerospace structures and turbomachinery. Undesirable dynamic oscillations not only
degrade the performance, but also influence structural integrity and reliability. This report
is to evaluate dynamic characteristics and control effectiveness of conical shells laminated
with distributed piezoelectric sensor/actuator layers.
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Electromechanical constitutive equations, governing equations, strain—displacement—
electric field relations, and boundary conditions of a generic piezo(electric)elastic shell
continuum were presented first. Finite element formulations of a new triangular piezoelastic
shell element with non-constant Lamé parameters were presented, electromechanical
element/system/control matrix equations were derived, and then control algorithms
defined. Finite element models of a conical shell with three actuator lamination
configurations (i.e., the fully distributed, the partial-diagonally distributed, and the
full-diagonally distributed) were established and two loading conditions (i.e., the full-edge
loading and the half-edge loading) were defined, too.

Natural frequencies and modes of the conical shell finite element models were calculated
using the newly developed finite element code. Finite element solutions were compared
closely with published numerical results. Thus, the newly developed tool is effective in
modelling and analysis of conical shells. Free and controlled time-history responses of the
two loading conditions were studied and inferred damping ratios suggest that the
fully-distributed configuration is effective in the control of bending-dominated natural
modes, e.g., first and fourth modes; the diagonally laminated configurations are effective in
the control of torsion-dominated modes, e.g., second and third modes in this case.
Accordingly, distributed control of conical shells can be achieved. However, this study
suggests that various actuator configurations contribute to a difference in control
effectiveness for the various natural modes. To maximize the distributed control effects, an
in-depth understanding of shell dynamics and dominating modes is a must in the effective
design and layout of distributed actuators.
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APPENDIX A: FORMULATION OF ELEMENT MATRICES

Detailed element matrices of a laminated piezoelastic shell element are presented here

(M0 = f [N, (1, )] (j IO LN ()B4 B) dv)

Y

X [Nu,»(alr o) ]A1 Ay doy doy, (A.1)

y=0

(K] = f [B, (21, )" ( J " BT IBY )1, dy)

X [B,,j((xl, 0y)]A1A, doy dosy, (A.2)
(K] = L B, (o1, o)1 ( j [BO () Te1[BY ()1, B, dy)

X [Bd)i(ocl, 0,)]A1A, doy dosy, (A.3)

y=0

k1= = [ 1, o ( [ oponm s s g

X [By, (01, 0t2)]JA1 A, doy doty, (A4)

[K®,1=[KO T, (A5)



CONTROL OF CONICAL SHELLS 79

{Fi(jf)} = J [Nuj(“b )] [N(l)( hy)]' {fm}Bl (y=nh )Bl (y = hy)A1 A4, doy day
S.f

7=0

h;
+ J [Nu,(“b “2)]t<f [N(l)(“/ 14 fb(l)}Bl B, dV>A A, daoy day, (A.6)
S;

{F)} = — J [N, (o1, )] [NS (v = )] Q'Bi(y = ho)B5(y = h)A Ay doy dor. (A7)
S;

where { @} = {f1?, £, fi"} and {7} = {0, /33, £4}" are the surface force and body force
along the curvilinear co-ordinate axes, respectively, Q’ is the electric charge applied on the
surfaces of piezoelectric layers; and the thickness 0-0 < h, < h;.
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